We show that realistic nucleon-nucleon (NN) potentials V N N can be reduced, in a physically equivalent way, to an effective low-momentum potential V ef f whose momentum-space matrix elements V ef f (k ′ , k) are non-vanishing only within a cut-off momentum k cut . Our effective potential is obtained using the folded-diagram method of Kuo, Lee and Ratcliff, and this effective potential is shown to preserve the half-on-shell T-matrix. Applications have been performed for the Bonn-A and Paris NN potentials, using various choices for k cut such as 2 fm −1 . The deuteron binding energy given by V N N is reproduced by V ef f , and so are the low-energy phase shifts up to E lab = 2k 2 cuth 2 /M . In addition, the low-momentum half-on-shell T-matrices given by V N N and V ef f are
There are a number of realistic nucleon-nucleon (NN) potentials, such as the Bonn [1] and Paris [2] potentials, which all describe the observed deuteron and NN scattering data very well. Because of the strong short range repulsion contained in these potentials, their momentum space matrix elements V (k, k ′ ) are still significant at large momentum. A main purpose of the present work is to study if we can reduce such realistic potentials, in a physically equivalent way, to certain effective low-momentum NN potentials which only have momentum components below a chosen cut-off momentum k cut . We shall also discuss the possibility of using this momentum-reduced potential directly in nuclear many-body calculations without first calculating the Brueckner G matrix.
Recently there has been much interest in studying nuclear physics problems using the low-momentum effective field theory (EFT) [3, 4] , and this development has been a main motivation of our present work. It would be nice if one could calculate the NN potentials directly from QCD. As it is well known, this is still not feasible at the present time, owing to the nonperturbative nature of QCD at energies characteristic of low-energy nuclear phenomena. However, the methods of the low-momentum EFT may provide a powerful and practical framework for treating the low-energy NN potential in a manner consistent with the underlying QCD. The basic idea of the EFT approach is to shrink the full-space theory to a small-space one which contains only the low-momentum modes. This is accomplished by integrating out the high momentum modes, thus generating effective couplings which implicitly contain the effects of the high-momentum modes. The EFT approach was originally developed by Wilson and Kadanoff [5] for condensed matter systems.
Very similar ideas have been employed in nuclear effective interaction theory, and in fact many such shrinking methods [6] [7] [8] [9] [10] [11] [12] [13] [14] have been developed. We feel that some of these methods may be useful for EFT problems. To explore this possibility , a first step is perhaps to apply them to a simple nuclear system, namely the two-nucleon problem. Epelbaum et al.
[4] have studied a low-momentum effective theory for the two-nucleon system based on the unitary transformation method of Okubo and Fukuda. In the present work we would like to study a low-momentum reduction of realistic two-nucleon potentials, such as the Bonn [1] and Paris [2] potential, using the Kuo-Lee-Ratcliff (KLR) folded-diagram approach [6, 7] in conjunction with the Andreozzi-Lee-Suzuki iteration method [9, 14] . The model-space effective Hamiltonian given by the ALS method reproduces the lowest d eigenvalues of the full-space Hamiltonian, d being the dimension of the model space. As to be discussed later, the deuteron binding energy as well as the model-space half-on-shell T-matrix given by our reduced potential is the same as those given by the original potential.
Let us first briefly review the KLR folded-diagram approach. One starts from the fullspace nuclear Schroedinger equation
where H 0 is the unperturbed Hamiltonian and V N N a realistic NN potential. For simplicity, we shall from now on abbreviate V N N as V . The above equation can be reduced using the KLR folded diagram method [6, 7] to a model-space one of the form
where P denotes the model-space projection operator P = k≤d | φ k φ k |. Here φ k is an eigenstate of H 0 , namely H 0 φ k = ε k φ k , and d denotes the dimension (or size) of the model space. Here we shall apply the above approach to the two-nucleon system, and for this case k denotes the relative momentum. We shall use a model space specified by k ≤ k cut where k cut is the cut-off momentum, a typical value of it being about 2 fm −1 . We shall from now on abbreviate P V ef f P as V ef f and similarly for P H ef f P . Certain properties of the original Schroedinger equation defined by H for the full space are preserved by the model-space one defined by H ef f , namely H ef f reproduces a subset of the eigenvalues and the P-space projections of the corresponding eigenfunctions of the full H. Note that χ m =Pχ m .
In the above approach the effective interaction V ef f is given as
whereQ is an irreducible vertex function often referred to as theQ-box, and the integral sign represents a generalized folding operation [6, 7] .Q ′ is obtained fromQ by removing terms of first order in the interaction V . The above effective interaction has been extensively applied to nuclear bound state problems [15, 16] and has led to rather encouraging results. As to be presented in more detail later, we have here applied it to the deuteron problem. We have found that the deuteron binding energy given by V is exactly reproduced by V ef f for various various choices for k cut such as 2 fm −1 .
Can the above folded-diagram effective potential also reproduce the phase shifts given by the original potential V ? This is an important question, as empirical NN potentials are all constructed such that they reproduce not only the deuteron binding energy but also the phase shifts deduced from two-nucleon scattering experiments. It would be desirable if our V ef f can also reproduce the phase shifts. To study this question, we start from the half-on-shell T-matrix
This T-matrix is just p ′ | V U(0, −∞) | p where U is the time evolution operator. Writing the T-matrix in this way is convenient for making a diagramatic analysis, as we shall do in A general term of the above T-matrix can be written as Note it has three segments partitioned by two P e propagators. Let us define aQ-box aŝ
V + · · ·, where all intermediate states belong to Q. One readily sees that the previous term is just a part of the three-Q-box term, and in general we have
This regrouping is depicted in Fig. 1 , where eachQ-box is denoted by a circle and the solid line represents the propagator P e . The diagrams A, B and C are respectively the one-and two-and three-Q-box terms of T, and clearly T=A+B+C+· · ·. Note the dashed vertical line is not a propagator; it is just a "ghost" line to indicate the external indices.
We now perform a folded-diagram factorization for the T-matrix, following closely the KLR folded-diagram method [6, 7] . Diagram B of Fig. 1 is factorized into the product of two parts (see B1) where the time integrations of the two parts are independent from each other, each integrating from −∞ to 0. In this way we have introduced a time-incorrect contribution which must be corrected. In other words B is not equal to B1, rather it is equal to B1 plus the folded-diagram correction B2. Recall that the integral sign reperesents a generalized folding [6, 7] . Let us give one example to illustrate the above folding factorization. Consider a third-order term of diagram B:
V ) | p . Note the difference in energy denominators for the two diagrams. This clearly illutrates that B1 is not equal to B.
Similarly we factorize the three-Q-box term C as shown in the third line of Fig. 1 .
Higher-orderQ-box terms are also factorized following the same folded-diagram procedure.
Let us now collecting terms in the figure in a "slanted" way. The sum of terms A1, B2, C3... 
with
Since phase shifts are given by the fully on-shell (p ′ = p and ω = ε p ) T-matrix, clearly the phase shifts given by V and V ef f are the same up to energy E lab = 2k 2 cuth 2 /M 2 , M being the nucleon mass. It has long been known that the effective interaction V ef f of Eq.(3) preserves certain discrete (bound-state) eigenvalues given by V . We have just shown in the above that this V ef f also preserves the low-momentum half-on-shell T-matrix and consequently the corresponding low-energy phase shifts given by V .
The above preservation of the half-on-shell T-matrix by V ef f is a new (to the best of our knowledge) and interesting result, and it is necessary to numerically check this preservation.
To do this we need to calculate the effective interaction as given by the folded-diagram expansion of Eq.(3). A number of methods for this calculation have been developed; the Krenciglowa-Kuo [8] and the Lee-Suzuki iteration methods [9] are two well-known examples.
These methods were formulated primarily for the case that P H 0 P is degenerate. For our present two-nucleon problem, P H 0 P (the kinetic energy) is obviously non-degenerate. Nondegenerate Lee-Suzuki [12] and Krenciglowa-Kuo [13] methods were subsequently developed.
Both methods can be employed for our present calculation, but they are still rather involved.
Recently Andreozzi [14] has proposed new iteration methods for the derivation of the model-space effective interaction, and among them is a much improved Lee-Suzuki method, to be referred as the Andreozzi-Lee-Suzuki (ALS) method. It is particularly suitable for the case of non-degenerate P H 0 P . We have found this method to be very efficient for our present calculation. Here the effective interaction is calculated in terms of the wave operator Ω. We divide the entire momentum space into two parts, P and Q with P+Q=1. The full
Hamiltonian is split into four parts: P HP , P HQ, QHP and QHQ. The wave operator is obtained from the decoupling relation 0 = Q(H − ΩP H + HQΩ + ΩP HQΩ)P , using the ALS method. Then the effective interaction is given as P V ef f P = P V P + P HQΩ. Note that the above decoupling equation is non-linear, and different methods for its solution can
give different answers. The ALS method reproduces the lowest d eigenvalues of the full Hamiltonian, d being the dimension of the model space [14] .
We use a set of Gauss mesh points to discretize the momentum space, and in this way
and so forth all become finite-dimensional matrices. The deuteron binding energy BE d is obtained from a diagonalization of the H(k, k ′ ) matrix, H = K + V where K is the kinetic energy. Phase shifts are calculated from the half-on-shell principal-value T-matrix given by
where P r denotes the principal-value integration. The phase shifts so-calculated from the full-space potential are plotted as the solid lines in Fig. 2 agrees to high precision (3 places after the decimal point)
with BE d . Using the same V ef f we then calculate the half-on-shell T-matrix
within the model space (p ′ , k, p ≤ k kcut ). Note the upper integration limit here is k cut , while in Eq. (7) it is ∞. ¿From the above T ef f -matrix, we obtain the phase shifts, which are also shown in Fig. 2 . They agree very well with those calculated from V . Note that V ef f can only
give low-energy phase shifts up to E lab = 2k
2 cuth 2 /M, M being the nucleon mass. To check the preservation of the model-space half-on-shell T-matrix, we have compared the principal-
calculated from V . They agree quite well, as illustrated in Fig. 3 .
In Fig. 4 we compare V ef f with V . As seen, they are quite different. The k-space matrix elements of V are generally repulsive (particularly for the Paris potential), a clear reflection of the strong repulsive core contained in V . In contrast, those of V ef f are largely attractive (for 1 S 0 and 3 S 1 channels) and they diminish gradually as k increases. It appears that the low-momentum V ef f is a smooth potential, and it may be possible to use it directly in nuclear calculations, without first calculating the Brueckner G matrix. An important point is that V ef f is energy independent, while the Brueckner G matrix is energy dependent and this energy dependence has introduced a lot of difficulties in nuclear calculations.
To explore this possibility, we have performed a shell model calculation for 18 O following the same procedure as in Ref. [17] except that the G matrix elements used there are replaced by our present V ef f calculated with the Paris potential and a momentum cut-off of k cut = 2.0 fm −1 , which is a reasonable choice [18] . Realistic NN potentials are constructed to fit empirical phase shifts up to E lab ≈ 300 MeV [1] , and the above k cut is needed if we want our V ef f to reproduce empirical phase shifts up to the same energy. to be done, to check out the various aspects of using the low-momentum V ef f directly in nuclear many-body calculations.
It may be pointed out that our present V ef f is not Hermitian, although it could be made
Hermitian by a further transformation. In terms of the wave operator Ω, our present V ef f is given by (1−Ω)H(1+Ω)−H 0 . Suzuki et al. [10, 11] have discussed how to obtain a Hermitian There are important advantages in preserving the half-on-shell T-matrices. For example the scattering wave function obtained with V is
with the T-matrix given by Eq.(5). The scattering wave function given by V ef f is
with T ef f given by Eq.(7). Then from Eq. (6) we have χ
preserves the P-space projection of the scattering wave function given by V .
Let us go back to Fig. 4 . As shown the V matrix elements of the Paris and Bonn-A potentials are very different, the former being much more repulsive indicating a stronger repulsive core. However, the low-momentum V ef f 's given by them are almost identical! This suggests the following scenario: The ingredients of realistic NN potentials may be roughly classified into two parts, one responsible for the low-energy and the other for high energy physics. It seems that our low-momentum reduction has extracted out the physically relevant low-energy part of the NN potentials. It is encouraging that this low-energy part of the two NN potentials appears to be nearly the same, indicating that one may have a common low-momentum NN potential, which may be obtained from an underlying EFT.
To summarize, using the KLR folded diagram approach in conjunction with the ALS iteration method we have reduced realistic NN potentials V (Bonn-A and Paris) to corresponding effective low-momentum potentials V ef f , whose k-space matrix elements are nonvanishing only within a cutoff momentum k cut . The deuteron binding energy given by V is exactly reproduced by V ef f . By way of a folded-diagram factorization of the half-on-shell T-matrix, we have shown that our V ef f preserves the model-space half-on-shell T-matrix 
